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Properties of the weakly non-ideal Bose gas are onsidered without suggestion on C-number
representation of the reation and annihilation operators with zero momentum. The "density-
density" orrelation funtion and the one-partile Green funtion of the degenerated Bose gas are
alulated on the basis of the self-onsistent Hartree-Fok approximation. It is shown that the
spetrum of the one-partile exitations possesses a gap whose value is onneted with the density
of partiles in the "ondensate". At the same time, the pole in the "density-density" Green funtion
determines the phonon-roton spetrum of exitations whih exatly oinides with one disovered
by Bogolyubov for the olletive exitations (the "bogolons").
PACS number(s): 05.30.Jp, 03.75.Kk, 03.75.Nt, 05.70.Fh
I. INTRODUCTION
It is well known that theoretial desription of the superuidity phenomenon must take into aount the interation
between helium atoms. Also, the loseness of the transition temperature in superuid state Tλ to the temperature T0
of Bose ondensation for the ideal Bose gas and aumulation of the marosopi quantity of partiles in the state
with the momentum zero ("ondensate") [1℄ are the most important features whih permit us to apply the models of
weakly non-ideal Bose gas to the liquid HeII. Therefore, it seems possible that the phenomenon of superuidity an
be desribed within the framework of the weakly non-ideal Bose gas model.
It is neessary to stress here that the model of the ideal Bose gas does not satisfy the Landau riterion of superuidity
[2,3℄ and annot explain the spei behavior of the thermodynami properties of the superuid helium [4℄. However,
the appliation of the standard perturbation theory expansion on the inter-partile interation to the Bose gas at
T < T0 at one faes the problem of the appropriate desription of the ondensate (see, e.g., [5℄).
Therefore, the development of the mirosopi theory of the degenerated Bose system an be onduted in two
ways:
A) The formulation of some speial suggestions (onditions) for some funtions (operators) for the degenerated
Bose gas,
B) Using another initial model instead of the ideal Bose gas for developing the perturbation theory.
Starting with the lassial Bogolyubov's papers [6,7℄, the mirosopi theory of the degenerated Bose gas has been
based on the speial suggestion on the C-number representation of the reation a+0 and annihilation a0 operators of
the partiles with the momentum p = 0.
The results obtained by Bogolyubov, inluding the spetrum of the olletive exitations (that further be alled
"bogolons" after the name of the author), permit us to give the qualitative explanation of the experimental data
in superuid helium and to satisfy the Landau ondition of superuidity. It should be mentioned here that the
mathematial methods of the quantum eld theory were rst applied to the study of the non-ideal degenerated Bose
gas by Belyaev [8℄, without speial suggestion on the C-number representation of the operators a+0 and a0. In [8℄, the
speial diagram tehnique for the perturbation row at zero temperature, was developed and then generalized for the
one- partile Green funtions. In partiular, it was suggested to onsider (apart from the usual Green funtion with
one inoming and, respetively, one outgoing external lines), the additional Green funtions with two inoming and
two outgoing external lines. However, due to the omplexity of its mathematial approah, the method suggested in
[8℄ is not widely used.
Hugenholtz and Pines in [9℄ reformulated the problem at the beginning, by hanging, aording to Bogolyubov,
the operators a+0 and a0 by C-numbers, and they ould use almost automatially the quantum eld theory methods
for investigating the Bose gas with the "ondensate". In partiular, in [9℄, it was shown that for the C-number
representation of the operators a+0 and a0 in the exitation spetrum onneted with one-partile Green funtion, the
gap annot exist. Their approah is used presently in the theory of the degenerated Bose gas (see, e.g., [5℄).
However, rigorous proof of the orretness of the C-number representation of the operators a+0 and a0 is not possible
and, due to this irumstane, the orrespondene of the initial Hamiltonian to the Hamiltonian whih arises after
2hanging the operators a+0 and a0 on C-numbers, remains undeided [10,11℄. Moreover, in [12-14℄, the attempts were
made to suggest some anonial transformation of the eld operators, whih would not be onneted with the C-
number representation of the operators a+0 and a0 (and therefore alternative to the Bogolyubov's one).
Importantly, in [13-16℄, the possibility of the existene of two dierent spetra simultaneously - the one-partile one
with a gap and the olletive one - orresponding to the Bogolyubov's branh of exitations, has been suggested and
disussed.
In addition, in [14,18℄, most of the known results for the thermodynami properties of the degenerated weakly
non-ideal Bose gas have been reprodued by using the "dieletri formalism" without C-number representation of
the operators a+0 and a0. Furthermore, in [19℄, it was argued that the formal restritions on the use of the standard
temperature diagram tehnique for the temperatures T < T0 are absent.
Another essential irumstane, onneted with the C-number representation of the operators a+0 and a0, has to be
mentioned. The C-number representation of these operators is based on the ommutation relations and the smallness
of the parameter 1/N0, where N0 is the operator of the partile number in the state p = 0. Therefore, this parameter
makes sense only for the system with xed number of partiles, i.e. in the framework of the anonial ensemble where
N0 is equal to the average < N0 >. Although the Bogolyubov's anonial transformation of the initial Hamiltonian
is realized in the anonial ensemble, the alulations of the averages, usually are exeuted in the grand anonial
ensemble.
In the present paper we are exploring the seond way, B, for developing the mirosopi theory of the degenerated
Bose system. We are take into aount not only the provision of the Landau superuidity ondition, but also the
onseutive desription of the weakly non-ideal Bose gas for the transition from temperatures T ≥ T0 to the ase of
T < T0 inluding the ase of a strong degeneration. As an initial approah, we onsider the self-onsistent Hartree-Fok
approximation, whih is the best one-partile approximation for the normal systems (see, e.g., [20℄).
II. HARTREE-FOCK APPROXIMATION FOR δ(r) - POTENTIAL AND THE GAP IN THE
ONE-PARTICLE SPECTRUM
Let us onsider the weakly non-ideal Bose gas whih onsists of the partiles with the mass m and zero spin. The
interation between the partiles is desribed by the potential U(r) with the Fourier-omponent u(q)
lim
q→0
u(q) = u(0) ≡ u(q = 0) > 0 (1)
Expression for the one-partile distribution funtion f(p) reads
f(p) =< a+p ap >, n =
1
V
∑
p
f(p), (2)
where a+p and ap are the reation and annihilation operators for the partiles with the momentum ~p, n =< N > /V
is the average density of the partiles in the volume V at temperature T , N =
∑
p a
+
p ap, and the angle brakets <...>
denote the averaging in the grand anonial ensemble with the hemial potential µ.
Now let us pay attention to the spetral representation whih shows that the funtion f(p) is not negative for the
arbitrary wave vetors p
f(p) ≥ 0 (3)
In the framework of the self-onsistent Hartree-Fok approximation for T > T0, the distribution funtion f(p) satises
the relation (see,e.g., [21℄)
f(p) =
{
exp
(
E(p) − µ
T
)
− 1
}−1
(4)
where E(p) is the energy of the one-partile exitations
E(p) = ε(p) + nu(0) +
1
V
∑
q 6=0
u(q)f(p+ q) (5)
ε(p) = ~2p2/2m is the energy spetrum of a free partile, the seond and the third terms on the right side of (5)
orrespond to the inter-partile interation in the Hartree and in the Fok (the so-alled exhange interation, whih
is onditioned by the identity of the partiles) approximations, respetively.
3As it will be lear from further onsideration, the important point is onneted with the presene in (5) of the
distribution funtion f(p) determined by (4), but not the distribution funtion f id(p) of the ideal gas with spetrum
of the free partiles, as it is usual in the perturbational Hartree-Fok approximation. Therefore, equations (4),(5) form
the losed system of equations for determination of the distribution funtion and the one-partile exitation spetrum
for the xed thermodynami parameters. In the language of the temperature diagram tehnique [5,21℄, it means the
exat summation of some lass of the diagrams in the equation for the one-partile Green funtion.
For the partiular ase when the interation potential has the form of the δ-potential
U(r) = u(0)δ(r), u(q) = u(0) (6)
from (4) and (5) we obtain
f(p) =
{
exp
(
ε(p)− γ(p)− µ∗
T
)
− 1
}−1
(7)
µ∗ = µ− 2nu(0), γ(p) =
u(0)
V
f(p) (8)
As is follows from Eqs. (7),(8) before transition to the thermodynami limit, it is neessary to take into aount that
the system is loated in the nite volume V . The importane of this point has been mentioned in [9℄ in the ase of
the ideal Bose gas ondensation.
Taking into aount (8), one an see that Eqs. (7),(8) make sense only for µ∗ < 0. As this takes plae, the
ontribution of the funtion γ(p) in (7),(8) is negligible for the arbitrary values of the vetor p. In this ase, the
distribution funtion f(p) is equivalent to the one for the ideal Bose gas f id(p) with the hemial potential µ hanged
to µ∗. Correspondingly, in the transition from µ∗ to the hemial potential µid, all known results for the ideal Bose
gas are reprodued up to the temperature T0 of Bose ondensation, inluding the transition temperature itself.
However, the situation hanges dramatially for the temperature of Bose ondensation T0, when the aumulation
of the partiles in the state with the momentum p = 0 starts, and also below this temperature.
By analogy with the ase of the ideal Bose gas (see, e.g., [1℄) it would seem that one an suppose that
µ∗ = 0, orµ = 2nu(0), (9)
and that the funtion f(p) an be represented in the form
f(p) =< N0 > δp,0 + f
T (p)(1 − δp,0), (10)
where N0 = a
+
0 a0 is the operator of the quantity of partiles with the momentum equal zero ("ondensate"), f
T (p)
is the one-partile distribution funtion with non-zero momenta (the "overondensate" states) and
< N0 >=< N >
{
1−
(
T
T0
)3/2}
, fT (p) = fTid(p) =
{
exp
(
ε(p)
T
)
− 1
}−1
(11)
It is neessary to mention that the relation f(p) =< N0 > δp,0 (see Eq. (10) for f
T (p) = 0) was rst suggested in
[22℄.
However, the representation (9) for the hemial potential µ is twie as big as the hemial potential of the ideal
Bose gas in the ase of strong degeneration. Besides, the funtion fTid(p) possesses the singularity at small wave vetors
p.
Let us mention now that negleting the value γ(p) at p = 0 for the temperatures T < T0, is not orret for
alulating the distribution funtion f(p) in (7)
γ(p) = n0u(0), n0 =
< N0 >
V
(12)
Therefore, if representation (10) is true, the Eqs. (9),(11) are wrong. Taking into aount (10),(12) from Eqs. (7),(8)
for T < T0 one diretly nds
µ = (2n− n0)u(0), (13)
fT (p) =
{
exp
(
E∗(p)
T
)
− 1
}−1
(1− δp,0), E
∗(p) = ε(p) + n0u(0), (14)
4n0 = n−
∫
d3p
(2pi)3
fT (p). (15)
On the basis of (13)-(15) it is easy to establish the orretness of the following relations
lim
T→0
n0 = n, lim
T→0
µ = nu(0), (16)
∆ = lim
p→0
E∗(p) = n0u(0), (17)
lim
p→0
fT (p) =
{
exp
(
∆
T
)
− 1
}−1
<∞, lim
T→0
fT (p) = 0. (18)
Therefore, in the framework of the self-onsistent Hartree-Fok approximation (4),(5) for the one-partile distribution
funtion fT (p), for the temperatures T < T0 we an establish that:
(A) In the ase of strong degeneration, the obtained results (16) oinide with the known relations for the weakly
non-ideal Bose gas [5℄;
(B) In the one-partile exitation spetrum, the gap (17) arises between the "ondensate" and the "overondensate"
states. The appearane of the gap (17) is onditioned by the existene of the "ondensate". The spetrum of
the one-partile exitations, taking into aount the "ondensate" with the zero energy and the spetrum for the
"overondensate" states, satisfy the Landau ondition of superuidity;
(Ñ) The distribution funtion for the "overondensate" states is nite at small values of the wave vetors distint
from the distribution funtion (11) for the ideal Bose gas. On the basis of the above, it is possible to assert that
the self-onsistent Hartree-Fok approximation for the one-partile distribution funtion (4),(5) is suitable as an
initial approximation for onstruting the theory of Bose gas that takes into aount the interation at arbitrary
thermodynami parameters. It is neessary to mention further that aording to (14) in many appliations, the
ondition T → 0 is equivalent to the ondition
T ≪ ∆. (19)
III. COLLECTIVE EXCITATIONS AND THE DIELECTRIC FORMALISM
Having the above results, let us onsider the problem of the olletive exitations in the weakly non-ideal Bose gas on
the basis of the "dieletri formalism"[17,18℄. The experimental determination of the olletive exitations spetrum
is interpreted on the basis of the existing data on the well observed maximums [23℄ in the dynamial struture fator
S(q, ω) for q 6= 0,
S(q, ω) =
1
V
∫ ∞
−∞
dt exp(iωt) < ρq(t)ρ−q(0) >, (20)
ρq(t) =
∑
p
a+
p−q/2(t)ap+q/2(t), (21)
where ρq(t) is the Fourier-omponent of the operator of partile density in the Heisenberg representation. The
dynamial struture fator (20) is diretly onneted [24℄ with the retarded density-density Green funtion χR(q, z)
whih is analytial in the upper semi-plane of the omplex z (Imz > 0),
S(q, ω) = −
2~
1− exp(−~ω/T )
ImχR(q, ω + i0), (22)
χR(q, z) = −
i
~V
∫ ∞
0
dt exp(izt) < [ρq(t)ρ−q(0)] >>=
1
V
<< ρq | ρ−q >>z, (23)
The equalities (20),(22) have to be taken in the thermodynami limit: V →∞, < N >→∞ and < N > /V → const.
Eq. (22) serves as the basis for alulation of the funtion S(q, ω) for quantum systems by the perturbation methods
5of the diagram tehnique [5,21,24℄. The retarded Green funtion χR(q, z) (23) is the analytial ontinuation of the
temperature Green funtion χT (q, iΩn)
χT (q, iΩn) =
1
V
<< ρq | ρ−q >>iΩn , (24)
from the disrete multitude of the points on the imaginary axis iΩn = i2pinT to the upper semi-plane of the omplex z
[5,21,24℄. For the funtion χT (q, iΩn), there exists the diagram representation whih is onneted with the extration
of the irreduible (in q-hannel on one line of interation u(q)) part of χT (q, iΩn) - the so-alled the polarization
operator Π(q, iΩn) [21℄. After analytial ontinuation of the funtion χ
T (q, iΩn), we arrive at the expression
χR(q, z) =
Π(q, z)
ε(q, z)
. (25)
Here, the funtion ε(q, z), by analogy with the terminology aepted in the theory of Coulomb systems [24℄, is alled
dieletri permittivity
ε(q, z) = 1− u(q)Π(q, z). (26)
It should be noted that all relations mentioned above in this setion are valid for arbitrary interation u(q).
Determination of the appropriate approximation for the polarization operator permits us to nd the poles of the
Green funtion χR(q, z). These poles desribe the olletive exitations in the system, whih are the solutions of the
equation
ε(q, z) = 0. (27)
The above equation, meanwhile, is well known from the theory of the Coulomb systems [25℄.
In onsidering the ase of the weakly non-ideal Bose gas for alulation of the polarization operator Π(q, z), we
restrit ourselves to the simplest "one-loop" approximation, whih in the theory of the Coulomb systems [25℄ is alled
"random phase approximation" (RPA). Then, taking into aount Eq. (10) one obtains [17,18℄
ΠRPA(q, z) = Π(0)(q, z) + ΠT (q, z). (28)
Π(0)(q, z) =
2n0ε(q)
~2z2 − ε2(q)
. (29)
and
ΠT (q, z) =
∫
d3p
(2pi)3
fTid(p− q/2)− f
T
id(p+ q/2)
~z + ε(p− k/2)− ε(p+ k/2)
(30)
Taking into aount the above onsideration, we now modify the RPA approximation on the generalized (MRPA)
approximation, by introduing the hange in ΠT (q, z) (30) operator. The funtion fTid (11) and the spetrum of the
one-partile exitations ε(p) for the ideal Bose gas are hanging for the funtion fT (p) and the energy E∗(p) (14) in
the self-onsistent Hartree-Fok approximation. As this takes plae, we observed that due to the ruptured harater
of the one-partile spetrum at the point p = 0, the funtion Π(0)(q, z) preserves its earlier form (29). Then
ΠMRPA(q, z) = Π(0)(q, z) + ΠTMRPA(q, z), (31)
ΠTMRPA(q, z) =
∫
d3p
(2pi)3
fT (p− q/2)− fT (p+ q/2)
~z + E∗(p− k/2)− E∗(p+ k/2)
. (32)
Considering further the ase of a low temperature in (19), one an omit the part ΠTMRPA(q, z) (32) in Π
MRPA(q, z).
In this ase, from (25)-(27), (29) it diretly follows that for the temperatures T ≪ ∆
χR(q, z) =
2n0ε(q)
~2z2 − (~ω(q))2
, (33)
where the spetrum of the olletive exitations is determined by the equality
~ω(q) =
{
(ε(q))2 + 2ε(q)nu(q)
}1/2
. (34)
6The relation (34) ompletely oinides with the spetrum of the "bogolons" for the interation potential, where its
dependene on the wave vetor [26,27℄ provides the fullment of the Landau superuidity ondition. Sine, in the
temperature interval under onsideration, the density of the partiles in the "odensate" n0 is lose to the total
density n, we an hange n0 to n in (34). Then, inserting (33) in (22) and taking into aount the determination of
the struture fator [1,23℄, we nd [17,18℄
nS(q) =
ε(q)
~ω(q)
cth
{
~ω(q)
2T
}
(35)
The above equation is the generalization of the Feinman formula [28℄ for the onnetion between the stati struture
fator and the spetrum
~ω(q) = ε(q)/S(q), (36)
whih is valid for the ase ~ω(q)≫ T .
In the opposite ase of ~ω(q)≪ T (and n0 ≃ n, e.g., T ≪ T0), we have
S(q) =
2ε(q)T
~2ω2(q)
, lim
q→0
S(q) =
T
nu(0)
(37)
Relation (37) orresponds to the general result for the systems with the short-range interation potential (1) [1℄
lim
q→0
S(q) = nTKT , KT = −
1
V
(
∂V
∂P
)
T
. (38)
Here KT is the isothermal ompressibility of the system. Comparing (37) and (38) and taking into aount that the
spetrum of the "bogolons" in the region of the small wave vetors has the form
~ω(q) = ST q, ST =
(
nu(0)
m
)1/2
(39)
we onlude that the value ST haraterizes the isothermal sound veloity. In addition, on the basis of Eq. (35) for the
stati struture fator we an determine the free energy F of weakly non-ideal Bose gas for the temperature T ≪ ∆
by using the general relation [1℄
F = F id +
1
2
u(0)nN −
1
2
n
∑
q
u(q) +
1
2
n
∑
q
∫ 1
0
u(q)Sλ(q)dλ, (40)
F id = T
∑
q
ln [1− exp(−ε(q)/T )] . (41)
Here F id is the free energy of the ideal Bose gas for T < T0 [26℄ and Sλ(q) is the stati struture fator for the system
with the interation potential λu(q). Inserting (35) in (40) we nd [17,18℄
F =
1
2
u(0)nN −
1
2
∑
q
{ε(q) + nu(q)−
(
ε(q)2 + 2ε(q)nu(q)
)1/2
}+ T
∑
q
ln {1− exp[−~ω(q)/T ]} . (42)
Relation (42) ompletely orresponds to the results obtained in [5,24,27℄.
IV. CONCLUSIONS
In the present work we developed the theory of weakly non-ideal Bose gas, below the ondensation temperature, on
the basis of the self-onsistent Hartree-Fok approximation. It was found that the spetra of the olletive exitations
and the one-partile exitations are distint, whih is ontrary to the theory based on the C-number representation
for the operators a+0 and a0. It is shown that one-partile branh of exitations has a gap. Both spetra satisfy the
Landau riterion of superuidity. It must be noted that in the early works of Landau, and in the works of Bogolyubov,
7they onsidered the possibility of the existene of the gap in the spetrum of Bose system for T < T0. However, they
omitted this suggestion beause the phonon branh was absent.
It follows now from the present paper, that the olletive phonon-roton spetrum and the one-partile spetrum with
a gap atually oexist. On the basis of the alulation of the one-partile distribution funtion and "density-density"
Green funtion, in the framework of the self-onsistent Hartree-Fok approximation for the weakly non-ideal Bose
gas, we an establish the following:
1) This system possesses two branhes of exitations - the one-partile branh and the olletive branh, eah of
them satisfying the Landau ondition of superuidity.
2) In the region of small wave numbers, there is the gap in the spetrum of the one-partile exitations whih is
onditioned by the presene of the "ondensate".
3) The spetrum of the "bogolons" orresponds to the phonon-roton exitations that are observed in the experiments
on the neutron nonelasti ollisions [29,30℄.
Therefore, even a weak inter-partile interation leads to the drasti dierenes in the desription of the one-partile
distribution funtion and of the exitations of the "overondensed" partiles. We have emphasizes that (as in the ase
of C-number representation of the operators a+0 and a0) the appliation of the Hartree-Fok approximation to the
alulation of the Green funtions for Bose gas in the temperature region T < T0 annot be absolutely rigorously
theoretially justied and there is a need here for further experimental examination. The prinipal dierene between
the results of this paper and the traditional approah based on the C-number representation for a+0 and a0, is the
appearane of the gap in the spetrum of the one-partile exitations. It follows from the results of this work that
the gap annot manifest itself in the "density-density" Green funtion (at least in the Hartree-Fok approximation)
and therefore it annot be seen in the experiments on neutron sattering in the superuid Helium [29,30℄. However,
suh possibility annot be exluded in the experiments on Raman light sattering. Moreover, in [31℄, where suh
experiments are desribed, there is the diret indiation of the existene of the gap.
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